Typical active vibration isolation experiments use point measurements of acceleration or force at the junction between the vibratory source and the receiving structure. This does not necessarily lead to the minimization of the transmitted vibrational energy. A simple method is described to generate a signal which is proportional to the harmonic vibratory power transmission at the driving frequency, which is suitable for use as an error signal with an existing filtered-x feedforward active vibration controller.
I INTRODUCTION
Vibratory power is a desirable cost function for active vibration control because it provides a true measure of the energy transmitted into a structure and thus its minimization will ensure a reduction in vibration levels throughout the structure. An attempt to reduce the transmitted power by only reducing the transmitted force or velocity amplitude, neglecting the relative phase angle, may not necessarily be successful in achieving global structural vibration reduction.
The method presented here was developed to enable the use of vibrational power transmission as a cost function with an existing digital active vibration controller. The controller used a feed-forward, filtered-x, least mean square (LMS), adaptive algorithm.
Vibratory power transmission can be measured by several methods. The two most common methods involve the use of an array of accelerometers mounted to the surface of the structure or a force-accelerometer pair. Both of these methods require some additional signal processing to combine the signals into a single meter.
The problem with using vibrational power transmission as a cost function with a typical LMS type active vibrational controller is that the calculation of power results in a signal which is twice the frequency of the reference signal. Thus the two signals are uncorrelated which means that the LMS algorithm will not perform the required cost function minimization.
Recent research [1] showed that point measurements of energy density, in the acoustic sense or structural intensity in the vibration sense, is a better measure of the global field, than point amplitude measurements of either squared acceleration (velocity) or force. The energy density in a structure is given by the difference of the power transmitted into the structure and the energy that is dissipated from the structure. The energy density in a structure is given by the summation of the potential energy and kinetic energy [2] . Hence reducing the power transmitted into a structure will reduce the potential and kinetic energy of a structure. In many cases the purpose of vibration isolation is to reduce the noise radiated by the receiving structure [3, 4] . The energy in the receiving structure is available to radiate noise [5] and hence reducing the energy in the receiving structure means less energy is available to radiate noise. Pan et al [6] [7] [8] applied this strategy to isolator systems and showed that it is possible to reduce the power transmission into a receiving structure. Many authors have also considered minimizing power transmission in one dimensional structures [9] [10] [11] [12] and two dimensional structures [6, [13] [14] [15] [16] [17] [18] [19] [20] [21] .
In a room, the total acoustic potential energy can be used as an active noise control cost function, and this is approximated as the sum of the squared pressures from suitably placed microphones [22] . Jenkins [23] used the analogy of the acoustic case to derive a cost function for the vibrational case; that is, the sum of the squared displacements of suitably placed accelerometers can be thought of as the vibrational potential energy. When Jenkins used an additional 4 accelerometers mounted to the plate to provide a better estimate of the vibrational potential energy, he found that the vibration attenuation improved by up to 10 dB. This suggests he used an insufficient number of accelerometers to measure the global potential energy. This active vibration isolation experiment demonstrates that summation of squared acceleration at points on the structure can only approximate the global vibrational energy within a structure. An alternative method of measuring the global energy transmitted into a structure is to measure the vibrational energy which travels along the power transmission paths, which is called the structural intensity.
The literature shows that active control methods to minimize a global measure of vibrational energy will give superior results than minimization of point measurements of squared acceleration. However, it is difficult to practically measure the global vibrational energy in a structure. When a machine is vibrationally isolated from a receiving structure, the measurement of the power transmission at the interface of the vibrating source and the receiver is a practical method of measuring the global vibrational energy in the receiving structure.
It has been shown in the literature that in the calculation of vibrational power transmission (or structural intensity) at the intersection of an active isolator and support structure, the inclusion of power from rotational moments can act to cancel the contribution of power from translational forces [18, 24] . Power transmission from moments is converted into translational power transmission on reflection at the supports, and interacts with the translational power transmission resulting from translational forces. This can result in negative values of vibratory power transmission (that is, power reversal) along a translational axis [19, 20, 25] .
Structural or acoustic intensity cost functions presented in the literature [10, 16, [26] [27] [28] [29] [30] [31] attempt to minimize the signed value of structural intensity. All of these methods are based on a gradient descent algorithm to determine optimal filter coefficients which minimize the signed (not squared) value of the cost function. These algorithms are based on a cost function which consists of the total power transmission determined by measuring along a sufficient number of axes so that the cost function is positive definite. If negative values of measured power transmission are possible as a result of omitting the contribution of power transmission from motion around rotational axes or from phase errors in the measurement transducers, then the algorithms will converge to the negative value of translational power and could result in total power transmission (and thus overall structural vibration) levels which are greater than without control.
It follows that a better cost function to minimize is the absolute or squared value of power transmission rather than the signed value of power transmission. In the work described here, a method is presented which allows vibratory power or intensity to be used as a cost function which is positive definite, with a standard filtered-x LMS algorithm. This method is applied to the active isolation of vibrating rotating machinery from support structures.
The primary source of vibratory power is always from the vibrating machine. The vibratory power is transmitted through an active vibration isolator which has a control actuator in parallel with a spring element. The support structure is assumed to have finite damping, which dissipates the vibratory power.
II CALCULATION OF POWER
Consider a reference signal x(t), velocity signal v(t) and a force signal f (t) given by
where x(t) denotes a reference signal at a frequency ω, f (t) the force, v(t) the velocity. The quantities F and V are the real amplitudes of the force and velocity respectively, and φ and θ are the phase angles of the force and velocity signals relative to the reference signal. Time averaged vibratory power transmission P is given by the equation [32] 
The transmission of vibratory power from a source structure into a receiving structure can be measured by mounting a force transducer at the connection point and an accelerometer next to the force transducer. The electrical signals from the transducers can be combined using an electronic (analog or digital) multiplier. The resulting signal will be proportional to the transmitted vibratory power.
III MATHEMATICAL DERIVATION
First consider the product of a harmonic force signal f (t) and a harmonic velocity signal v(t). The result can be written as [33] 
The terms in Eq. (5) consist of an oscillating component at twice the driving frequency and a constant term. The signal can be low pass filtered to extract the constant term
. This can be multiplied by the reference signal x(t) to obtain a signal which is proportional to power transmission at the frequency of the reference signal.
Equation (6) consists of an oscillating component at the driving frequency proportional to the transmitted vibratory power described in equation (4). This part of the signal may be used by the active vibration controller as the error signal. The error signal must be correlated with the reference signal as part of Wiener-Hopf conditions of the LMS algorithm (see Widrow and Stearns [34] for a discussion on the LMS algorithm).
The method described here is unsuitable for random signals as the filtering operation has a finite settling time before the correct constant signal proportional to power is obtained.
IV CONVERGENCE OF THE CONTROLLER
The multiplication and low pass filtering method used to derive an error signal can be used in a conventional filter-x LMS algorithm. A control block diagram for this case is shown in Figure 1 .
A reference signal x(n) is supplied to a plant which causes the structure to vibrate with a primary force response F p (n) and a primary velocity response V p (n) = H v * F p (n), where * is the convolution operator. The reference signal is also provided to an adaptive controller W(n) which adapts slowly compared to the rate of change of the reference signal x(n). The adaptive controller filters the reference signal to derive a control signal u(n) given by
where W(n) is a vector of the filter coefficients w i (n) and X(n) is a vector of past reference signal values x(n). This control signal can be supplied to a control shaker which applies a counter-acting force to the structure. The control signal passes through the cancellation path which can be modelled by a transfer function H . The response of the control shaker power amplifiers, control shakers and error sensors (velocity and force) will be included in
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Adaptive Algorithm this cancellation path transfer function. The cancellation path filter can be determined while the controller is operating using another adaptive filter, or can be determined prior to implementing the controller. The velocity response is derived by multiplying the input force to the structure by a fixed transfer function H v which is a function of the dynamics of the system. The error signal is derived from the product of the velocity response measurement and force response measurement as shown in Figure 1 . The control signals and the primary signals will be additive such that the overall force response F(n) of the structure by the action of the primary and control sources is given by
The corresponding velocity response will be given by V(n) = H v * F(n).
The force and velocity response of the structure are combined to obtain a measure of the power transmission. Following the procedure described in the previous section, the force and velocity signals are multiplied together such that
The output from the first multiplier P 1 (n) is then low pass filtered to extract only the DC component of the signal. Practically this is achieved by low pass filtering with a cut off frequency around 10 Hz. A digital FIR filter (or IIR filter) is used which has filter weights given by the vector Q to give
The low pass filtered signal P 2 (n) is then multiplied by the reference signal X(n) to obtain the error signal e(n) = X(n) * P 2 (n), of which the expected value is proportional to the power transmitted into the structure and at the reference signal frequency.
The error signal is the force and velocity signals which have been multiplied together and then low pass filtered. The force signal F(n) is given by Eq. (8) and thus the product of the force and velocity is given by Eq. (9). When Eq. (8) is substituted into Eq. (9) and convolved with the low pass filter Q we obtain the following
The cost function used by the conventional filtered-x LMS algorithm is given by
where E is the statistical expectation operator. Substitution of Eq. (12) into the cost function
Equation (13) is a quartic function of the filter weights. The error surface is bowl shaped and always positive. Hence conventional gradient descent algorithms such as the filtered-x LMS algorithm will converge to the global minimum.
V EXPERIMENTAL INVESTIGATION
The method of generating an electrical signal proportional to the vibratory power was experimentally investigated by measuring the power transmission into a simply supported beam.
The multiplication and low pass filtering of the signals may be achieved using either analog or digital circuitry. The first attempt at implementing the method used an analog circuit. Two integrated circuits were used (EXAR XR2208 This signal was proportional to the vibratory power transmission at the frequency of the reference signal. The signal to noise ratio of this system was significantly better than the analog circuit and thus this system was used to obtain the experimental results. The power transmitted into the beam was measured by using a strain gauge force transducer and a Bruel and Kjaer Type 4393 accelerometer. A Bruel and Kjaer Type 2635 charge amplifier was used to condition the acceleration signal and a strain gauge amplifier was used to condition the signal from the force transducer. The acceleration signal was integrated using the charge amplifier to obtain a velocity signal. The force, velocity and reference signals were supplied to the DSP board. The vibratory power was also calculated using Eq. (4) implemented on a Hewlett Packard 35665A signal analyzer.
The signal analyzer provided a sinusoidal signal for the power amplifier to drive the shaker and a reference signal for the DSP board.
The test involved comparing the calculated power transmission with the output of the DSP board over a frequency range of 140 Hz. 
A Active Control Experiment
The purpose of this experiment was to confirm that the heterodyning technique, described above could be used in conjunction with a filtered-x LMS adaptive controller to minimize the squared power transmission P The experimental measurements of the vibration isolation performance are derived using two methods. The first method uses measured transfer function data to calculate the appropriate control force to minimize the chosen cost function. This method assumes that a perfect active vibration controller is available. The second method uses a commercially available filtered-x LMS adaptive controller and a second DSP board to implement the heterodyning technique described above.
B Transfer Function Method to Predict the Vibration Isolation using Active

Control
The method of using measured transfer function data to predict the active control performance has been considered previously for acoustic systems [35, 36] where measured acoustic transfer function data were used to predict the sound pressure levels inside an aircraft cabin for active noise control.
Transfer functions are measured between the driving force on the structure and the response at the error sensors. The driving force is measured by placing a force transducer between a shaker and the structure. Response measurements are made at the force transducer between the isolator and the beam, and the accelerometers which measure the acceleration of the structure. Transfer functions are measured between the primary shaker and the error sensors and between the control shakers and the error sensors.
The error signals from the error sensors can be written in matrix form as [37, Appendix
where e is a (n e × 1) vector of n e error signals, x is a (n c × 1) vector of control signals, d
is a (n e × 1) vector of the error signals resulting from passive control and C is a (n e × n c ) matrix of the transfer functions between the control signals and the error signals when the primary disturbance is turned off. The usual goal of active control systems is to determine the amplitude and phase of the control signals which will cancel the primary disturbance, and is given by the re-arrangement of equation (14) as
Equation (15) can be solved when there are an equal number of control signals and error signals (n c = n e ). When there are an unequal number of control signals and error signals a least mean square approach can be used [37] .
Consider the system shown in figure 4 where the velocity along the vertical axis at the base of the isolator is to be minimized when the top rigid body is subjected to a harmonic vertical primary force. There is one error sensor and one control force (n e = n c = 1), hence equation (15) (17) where f p is the (n p × 1) column vector of primary forces, which for this example is f p = 1.
In the experiments where squared power transmission is minimized, the error surface of filter weight values versus mean square error does not exhibit the typical paraboloid shape.
The presence of small moments at the intersection of the isolator and beam generates negative values of power transmission along the vertical axis. Hence the error surface resembles a paraboloid with an inverted bowl at the center of the paraboloid, where the signed value of power transmission along the vertical axis is negative [25, 38] . To minimize the squared The filtered-x LMS controller converged extremely slowly and was unstable when minimizing the squared power transmission along the vertical axis. The filtered-x LMS algorithm uses an adaptive filter to model the transfer function between a signal that is injected at the control shaker and the resulting error signal. This model is called the cancellation path transfer function model. In this case, the error signal was the squared power transmission which was derived using the heterodyning technique and it was not possible to obtain a good model in this experiment, which is the cause of the poor convergence and instability of the controller. It can be seen from equation (12) , that the error signal e(n) is a cubic function of the reference signal x(n), which means that the formula for the error signal is a non-linear function. The cancellation path transfer function is assumed to be a linear transfer function and the controller is therefore not able to model the non-linear transfer function accurately.
Attempts were made to improve the cancellation path transfer function model by using a long filter length (100 taps), but this did not improve the stability of the system. Another attempt was made to improve the stability by replacing the filtered-x LMS controller with an LMS controller which was programmed on the DSP board. The LMS algorithm is almost the same as the filtered-x LMS algorithm except the cancellation path transfer function is not used. The use of the LMS controller did not improve the stability of the system. Further research would be required to improve the stability of the controller when using the heterodyning technique and this is beyond the intended scope of this paper.
VI CONCLUSIONS
A method of combining velocity and force signals has been described which provides a signal proportional to mean vibrational power transmission at the driving frequency. This signal is suitable for use as a cost function in a feedforward active vibration controller. An experiment was performed to verify that the method provides a signal proportional to power for various power levels and for various frequencies. The results showed that the method was accurate in all cases.
An experiment was conducted to demonstrate that an adaptive controller, which uses a filtered-x LMS algorithm, could be used to minimize the squared power transmission into the beam along the vertical axis. The heterodyning technique, which was described here, was used to generate an error signal that was proportional to squared power transmission.
The isolation performance when the squared power transmission was minimized was about the same as when the squared acceleration or squared velocity was minimized. However the adaptive controller was unstable when using the error signal generated by the heterodyning technique, caused by the inability of the cancellation path transfer function filter to model the non-linear error signal. The experiment also verified that the same results could be obtained by using the transfer function method or by using an adaptive controller.
The work has demonstrated a method to calculate an error signal that is proportional to the mean vibratory power transmission at the same frequency as the driving frequency.
